We prove that if A is a pseudocompact algebra such that every left cyclic module is embeddable in a free one, then A is finite dimensional and that injective envelopes of left simple modules are cyclic. This implies that A is quasi Frobenius and gives as a corollary the F GF -conjecture for pseudocompact algebras.
Introduction
A ring is called quasi Frobenius (qF ) if it is right or left selfinjective and right or left artinian (all four combinations being equivalent). The study of these rings grew out of the theory of representations of a finite group (if G is finite, the group algebra kG is quasi Frobenius).
A theorem of Faith and Walker states that a ring R is quasi Frobenius if and only if any left (or right) R-module embeds in a free left (or right) R-module. More generally, a ring R is said to be left (right) F GF if the condition holds for finitely generated left (right) R-modules. The F GF conjecture states that every left F GF ring is quasi Frobenius. It has been proved in several contexts, in particular when the ring verifies some finiteness condition (for left or right noetherian rings, for semiregular rings whose Jacobson radical is T -nilpotent) and also when there is some duality between left and right R-modules (for left and right F GF rings, in particular for commutative rings).
It is to expect that pseudocompact algebras are a good context to allow the F GF conjecture to hold, since they verify some sort of finiteness condition (the so called finite localness of coalgebras and comodules). Indeed, in this paper we prove that the F GF conjecture holds for pseudocompact algebras. Actually, we prove something more general and quite less expectable: every left CF pseudocompact algebra is qF .
In the following we present a brief description of the contents of this paper. In Section 2 we recall a few basic notations and well known results in coalgebra theory that will be used throughout the paper. In Section 3 we recall the definitions of F GF , CF and qF rings and we present some useful results in order to treat the question. In Section 4 we prove the the main theorem.
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Preliminaries and basic notations
In this section we fix the basic notations and recall a few definitions and basic concepts in coalgebra theory. We refer to [2] and [8] for more details.
The coalgebras we will work with will be k-coalgebras, where k is a field. For coalgebras and comodules we use Sweedler's notation. We denote by C M and M C the categories of left and right comodules over C respectively. Similarly, if A is an algebra over k, we denote by A M and M A the categories of left and right modules over A respectively. We denote by x C and C x the respectively left and right comodules generated by the element x ∈ C (i.e. the minimal left or right subcomodule of C containing x).
Finite localness of coalgebras
Is is well known that simple right and left comodules are finite dimensional. As a consequence, every finitely generated right or left C-comodule is finite dimensional, and every simple coalgebra is finite dimensional. Moreover, every comodule is the union of its finite dimensional subcomodules.
Indeed this defines a Galois correspondence between subsets of V and V * (the closure operator defined by ⊥⊥ on subsets of V * induces the so called finite topology in V * ). Moreover, for X, Y either both subsets of V or both subsets of V * , we have that X ⊥ is a subspace of V * or V respectively and that
It is well known that for every subspace S ⊆ V , we have S ⊥⊥ = S and that if T is a finite dimensional subspace of V * then T ⊥⊥ = T (i.e. every finite dimensional subset of V * is closed under the finite topology). In the special case in which V is a coalgebra that we will call C, it is easy to see that if I is a left (right) C * -submodule of C (C * ), then I ⊥ is a right (left) submodule of C * (C).
The coradical filtration
Let C be a coalgebra. Consider C as a right C-comodule. We recall that the coradical of C, denoted by C 0 is the sum of all simple right coideals in C. Moreover, it can be proved that C 0 is also the sum of all simple left coideals in C and also that C 0 is the sum of all simple subcoalgebras of C (so C 0 is a cosemisimple coalgebra). We recall also that, if C 0 = i∈I S i , where S i are simple right coideals in C, then every simple right C-comodule is isomorphic to S i , for some i ∈ I. We can define by recursion an ascending chain 0 = C 0 ⊆ C 1 ⊆ C 2 ⊆ · · · ⊆ C n ⊆ · · · of right subcomodules of C as follows. Let C 0 = soc(C) be the coradical of C and for any n ≥ 1 define C n+1 such that soc( C Cn ) = C n+1 /C n . It can be proved that if we make the construction by thinking C as a left comodule, we obtain the same chain. So C n is a right and left subcomodule of C, more precisely, C n is a subcoalgebra of C. The defined chain is called the coradical series of C. Since C is the union of all its right-subcomodules of finite dimension we have that C = n C n . Note that as all simple comodules are finitely dimensional we get that the coradical C 0 is finite dimensional if and only if there are finitely many simple right (or left) comodules in C. If J is the Jacobson radical of C * and C 0 , C 1 , · · · , C n , · · · is the coradical series of C, then
Injective comodules
For every right C-comodule (M, δ) there is an injection
In other words, every right (left) comodule embeds in a free one.
It is well known that C is injective as a right (left) C-comodule. Then, the category of right (left) comodules has enough injectives. If S is a simple right (left) comodule, we will call E r (S) (respectively E l (S)) the injective envelope of S). Under this notation we have E r (S) ⊆ C for every right simple subcomodule S of C (the same for left simple comodules) and also
where S belongs to the family of all simple right C-subcomodules of C (respectively simple left C-comodules). It is important to remark here that every simple right C-comodule is isomorphic to a right C-subcomodule of C.
Rational modules
Every right (left) C-comodule can be thought as a left (right) C * -module via the
In particular C will be a right and a left C * -module. Left (right) C * -modules that come in this way from right (left) C-comodules are called rational left (right) C * -modules. The category of right (left) C-comodules is equivalent to the category of left (right) rational C * -modules. Every finite dimensional left C * -module is rational. Moreover, in the particular case that C is finite dimensional, every left (right) C *module is rational and the categories M C ( C M) and C * M (M C * ) are equivalent.
F GF , CF and qF rings
We define here the main concepts treated in this work and we present some useful results in order to understand section 4. It is clear that every left (right) F GF ring is left (right) CF . The notion of qF ring is left-right symmetric (by definition), and has been characterized in many different ways. We present now a characterization, due to Faith and Walker, that allows us to compare it with the notion of left (or right) -F GF ring.
Theorem 3.2. The following conditions are equivalent for a ring R:
(1) R is qF .
(2) Every left (right) R-module embeds in a free one.
Proof. See for example [6] , Theorem 7.56.
The following conjecture is known as the F GF -conjecture:
This problem has been treated from several different approaches, and the answer has been proved positive in many contexts. It holds for example if R is left or right noetherian ( [4] and [3] ), if R is commutative (see for example [6] ), and for the case of semiregular rings in which the Jacobson radical of the ring is T -nilpotent (see for example [7] ). It is also known that if R is right and left CF then R is qF .
The results of next proposition are not needed for the main theorem but we add them for the seak of completeness.
Proposition 3.5.
(1) Every finite dimensional left F GF algebra is qF . (2) Every pseudocompact qF algebra is finite dimensional.
Proof.
(1) It follows from the considerations above, using that finite dimensional implies noetherian.
(2) If A = C * is qF, then C embeds in a free left C * -module. It is well known (see for example [2] ....) that this implies that for each simple right Ccomodule S, the injective envelope E(S) ⊆ C is finite dimensional. As C 0 is finite dimensional, there are finitely many simple comodules of C, then C = S E(S) is finite dimensional.
We recall now the definition and some basic properties of left and right annihilators of subsets of a ring. If X is a subset of R, we denote by l(X) and r(X) the left and right annihilator of X respectively. Explicitly, l(X) = {r ∈ R | rx = 0, ∀x ∈ X}, r(X) = {r ∈ R | xr = 0, ∀r ∈ R}.
They are respectively left and right R-modules and l(X) = l(I r (X)), r(X) = r(I l (X)), where I r (X) and I l (X) are respectively the right and the left R-module generated by X. Moreover,
• lrl(X) = l(X), rlr(X) = r(X).
The following lemma is a well-known characterization of CF -rings in terms of the so called double annihilator property. Although we only need the direct implication, we give the complete result. Proof. We prove the left version. Assume first that R is left CF . Take a left ideal I ⊆ R. As R I is cyclic, there is an injective morphism of right R-modules f :
for some set X. Let f (1) = (r 1 , r 2 , · · · , r n , · · · ) i∈X and put F = {r i | i ∈ X} (F turns to be a finite set). It is easy to check that I = l(F ) and therefore lr(I) = lrl(F ) = l(F ) = I.
Conversely, assume the double annihilator property holds. Take a cyclic left R-module M . There exists a left ideal I such that M ∼ = R I . Take Λ to be an ordinal whose cardinal is #r(I). The fact that lr(I) = I allows to show that the morphism of left modules f : R → R Λ , given by f (1) = (r i ) i∈Λ has kernel I. In this section we prove the main theorem.
THEOREM A Every left CF pseudocompact algebra is qF .
We start by proving one of the key results in order to prove Theorem A. Proposition 4.2. Let C be a coalgebra such that C * is left CF . Then:
(1) every term C n in the coradical series of C is finite dimensional, (2) C * has finitely many maximal two-sided ideals.
Proof.
(1) Let us prove first that C 0 is finite dimensional. Consider the family F 0 of all simple left C-comodules. It is enough to prove that F 0 is finite. Let
It is easy to check that I 0 is a left ideal. Now, let us observe that r(I 0 ) = 0. Take g ∈ C * , g = 0. Then there exists c ∈ C such that g(c) = 0 i.e. ε(c 1 )g(c 2 ) = 0. As C = S∈F 0 E(S) and the left C-comodule M c generated by c ∈ C is finite dimensional, we get that M c is included in S∈Fc E(S) for some finite F c ⊆ F 0 . Put V = S∈Fc E(S) and W = S ∈Fc E(S) (both are left subcomodules of C) and define f ∈ C * as
It is clear that (f g)(c) = 0 and also that f ∈ I 0 (since F c is finite). Then g ∈ r(I 0 ) and we get r(I 0 ) = 0. Then, by Lemma 3.6, I 0 = lr(I 0 ) = C * , so ε ∈ I 0 .
Suppose that F 0 is not finite, then F ε = ∅, so there exists some S ∈ F 0 such that ε(S) = 0. But in this case we would have s = s 1 ε(s 2 ) = 0, ∀s ∈ S, contradicting the fact that S = 0.
Now, define
To see that C n is finite dimensional for every n ∈ N it is enough to show that D n is. For n = 0 it has been proved. For n ≥ 1 we argue similarly, by taking F n to be the family of all simple left C-comodules in C Cn and proving that it is finite (since D n = Soc l ( C Cn )). Similarly, we can consider the left ideal I n = {f ∈ C ⊥ n | there exists F f ⊆ F n cofinite such that f (S) = 0, ∀S ∈ F f }. and prove that r(I n ) = 0 and so that I n = C ⊥ n . Take a basis B n of C n and extend it to a basis B of C. Define ε n ∈ C * to be 0 in B n and 1 in B. If F n is not finite, then F εn = ∅ so there exists some S ∈ F n such that ε n (S) = 0. Arguing similarly than before, we get a contradiction. So F n is finite and therefore D n is finite dimensional.
(2) If C 0 is the coradical of C and J is the radical of C * , as J = C ⊥ 0 , we have
As C 0 is finite dimensional and cosemisimple, C * J is finite dimensional and semisimple. We show that a ring R such that R J is semisimple has finitely many maximal two-sided ideals. Let H be a maximal two-sided ideal in R and I a maximal left ideal containing H. As H · R I = 0, H is included in the left annihilator A l of R I . But A l is a two sided ideal, so H = A l . Now, the Jacobson radical J verifies J · R I = 0 so J ⊆ H. So the maximal two-sided ideals in R can be thought as the maximal twosided ideals inR = R J . ButR is isomorphic to a product of finitely many simple rings (having only the trivial two-sided ideals). As every two-sided ideal inR is a product of two sided ideals in the simple rings, there will only be a finite number. Proof. Suppose that for every n ∈ N, we have C ⊥ n = 0. Then, by Corollary 3.8, r(C ⊥ n ) = C * . As C n is a two-sided C-comodule, it is a two-sided C * -module, r(C ⊥ n ) is a twosided ideal in C * , so there exists a maximal two-sided ideal M n in C * such that r(C ⊥ n ) ⊆ M n , ∀n ∈ N. By Proposition 4.2.2, there are only finitely many maximal two-sided ideals in C * . So, there is an increasing sequence of natural numbers n 1 < n 2 < · · · n k < · · · and a maximal two-sided ideal M ⊆ C * such that r(C ⊥ n i ) ⊆ M, ∀i ∈ N. This implies that r(C ⊥ n i ) ⊆ M, ∀i ∈ N. But i≥0 C ⊥ n i = n≥0 C ⊥ n = 0 so i r(C ⊥ n i ) = r i C ⊥ n i = r(0) = C * , and we arrive to a contradiction.
We are able now to prove a partial result. Proof. It follows directly from propositions 4.2.1 and 4.3 and the fact that if C 0 , C 1 , · · · , C n , · · · is the coradical series of a coalgebra C, then C = n C n .
Recall that if E r (S) is the injective envelope of a simple right comodule S, we have that
where S ranges in all right simple subcomodules of C. Next proposition asserts that if C * is left CF , E r (S) is cyclic as a left C * -module. This is enough to guarantee that E r (S) embeds in a free left C * -module and therefore that C also does (Theorem A).
In order to prove it, we need an auxiliar lemma. Proof.
(1) It is immediate by using the definition of morphism of left C *modules and has been shown in [5] .
(2) It follows from observing that if F : I → (C * ) X is a morphism of left C * -modules, then all the projections in each coordinate also are and that if F is injective, for each x = 0 one of the coordinates of F (x) is non zero. It has also been shown in [5] . (3) As F is a morphism of left C * -modules, applying the equality stated in part to m = x and c = q, we obtain:
x. Now, it is clear that the set {A, x} is linearly independent and, as F (s)(q) = 0, we have that the coefficient in x of the right term in the equality above (write it as a linear combination of elements in B) is non zero. So x "is one of the q 1 's ". Hence, x ∈ q C .
Remark 4.6.
(1) Parts 1 and 2 of the previous lemma have been shown in [5] . Part 3 is a generalization of a result on path coalgebras presented in [5] . (2) Observe that in the context of part 3 of the previous lemma, the element q can be taken to be in some E r (T ), for some simple right C-comodule T and that in this case it is necessary that T = S. Indeed, let B T be a basis of E r (T ) for each T and consider the basis B 0 = T B T of C. As F (s) = 0, there is some q ∈ B 0 such that F (s)(q) = 0. So q ∈ E r (T ) for some simple right C-comodule T . Moreover, if for some x ∈ C, the element s can be obtained as described in the context of the lemma, then x ∈ q C and therefore x ∈ E r (T ). But in this case s = x * ↼ x ∈ E r (T ), so we get S ∩ E r (T ) = 0, hence S = T .
Proposition 4.7. Let C be a coalgebra. If C * is left CF and S is a simple right C-comodule, then E r (S) is cyclic as a left C * -module.
Proof. We know by Corollary 4.4 that C is finite dimensional and therefore E r (S) also is. Take G to be a finite generator of E r (S). We will prove that if #G ≥ 2, then there exists a generator G ′ of E r (S) such that #G ′ < #G. Take x, x ′ ∈ E r (S) with x = x ′ . Assume that {x, x ′ } is linearly independent (otherwise is it obvious how to obtain G ′ ) and complete it to a linear basis B of C. We consider the left ideals I, I ′ ⊆ E r (S) generated by x and x ′ respectively. As both left ideals are cyclic and C * is left CF , we have that I and I ′ embed in some free left C * -module. Let B * be the dual basis of B and define s = x * ↼ x and s ′ = (x ′ ) * ↼ x ′ , where ↼ is the action of C * in C thought as a C * -left module. By Lemma 4.5, there are two maps F : I → C * and F ′ : I ′ → C * such that F (s) = 0 and F ′ (s ′ ) = 0. We will show that there is some q ∈ C such that F (s)(q) = 0 and F ′ (s ′ )(q) = 0. Take p, p ′ ∈ C such that F (s)(p) = 0 and F (s ′ )(p ′ ) = 0. If F ′ (s ′ )(p) = 0 or F (s)(p ′ ) = 0 we are done (by taking q = p or q = p ′ respectively). If not, take q = p + p ′ . Then F (s)(q) = F (s)(p) + F (s)(p ′ ) = F (s)(p) + 0 = F (s)(p) = 0 and similarly F ′ (s ′ )(q) = 0. From Lemma 4.5, we also get q ∈ E r (S) and x, x ′ ∈ q C . Then it is easy to deduce that G ′ = (G \ {x, x ′ }) ∪ {q} is a generator of E r (S) such that #G ′ < #G. Using recursively this argument, we end with a generator of E r (S) of cardinal 1 and we are done.
THEOREM A: Every left CF pseudocompact algebra is qF .
Proof. As C * is left CF , every E r (S) is cyclic and therefore it embeds in some free left C * -module. As C = S E r (S), we have that C also embeds in some free left C * -module. Let M be a left C * -module. As C is finite dimensional, M is rational, i.e. M is a right C-comodule. So there is an injective morphism f : M → C (X) in M C (i.e. in C * M). As C embeds in some free left C * -module, M also does. By the Faith and Walker Theorem (Theorem 3.2), we are done. 
